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Abstract
In this paper we present a cohomological description of the equivariant Brauer group relative to a
Galois finite extension of fields endowed with the action of a group of operators. This description is a
natural generalization of the classic Brauer–Hasse–Noether’s theorem, and it is established by means
of a three-term exact sequence linking the relative equivariant Brauer group, the 2nd cohomology
group of the semidirect product of the Galois group of the extension by the group of operators and
the 2nd cohomology group of the group of operators.
 2005 Elsevier Inc. All rights reserved.
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0. Introduction
In algebra, one of the most classic topics related to the 2nd cohomology group of a
group deals with the study of Brauer groups. Since the 1930’s, it has been known that,
for any Galois finite field extension E/K with Galois group G, there is an isomorphism
H 2(G,E×) ∼= Br(E/K), between the 2nd cohomology group of G with coefficients in the
G-module E×, the multiplicative group of E, and the relative Brauer group of the exten-
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consisting of those equivalence classes of (finite-dimensional) central simple K-algebras
that are split by E. This relative Brauer group can also be described as the group of iso-
morphism classes of central simple K-algebras containing E as a maximal commutative
subalgebra.
This paper deals with a suitable counterpart, in an equivariant situation, of the afore-
mentioned classic Brauer–Hasse–Noether result.
If Γ is a group acting, by automorphisms, on a field K , then the equivariant Brauer
group Br(K,Γ ) by Fröhlich and Wall [4–6], consists of equivariant Morita-equivalence
classes of central simple (K,Γ )-algebras, that is, of central simple K-algebras endowed
with a Γ -action by ring automorphisms extending the given Γ -action on K . As in the
ordinary case, if E/K is any extension of Γ -fields, then the relative equivariant Brauer
group Br(E/K,Γ ) is the kernel of the induced homomorphism Br(K,Γ ) → Br(E,Γ ),
and the main purpose of this article is to prove the following:
Theorem. Let Γ be a group and let E/K be a finite-dimensional Galois extension of Γ -
fields with Galois group G. Then there is a natural exact sequence
0 → Br(E/K,Γ ) → H 2(G  Γ,E×)→ H 2(Γ,E×), (1)
where G  Γ is the semidirect product group associated to the diagonal Γ -action on G.
This theorem has a precedent in [2, Theorem 1], in the case where Γ acts trivially on K .
The authors showed a cohomological description of the group, denoted by BrΓ (E/K), of
equivariant isomorphism classes of central simple K-algebras endowed with a Γ -action by
K-automorphisms and containing E as a Γ -equivariant strictly maximal subfield. How-
ever, a cohomological description for BrΓ (E/K) such as this one uses equivariant group
cohomology instead of ordinary group cohomology and, moreover, the group BrΓ (E/K) is
not isomorphic to the equivariant Brauer group Br(E/K,Γ ) of Fröhlich and Wall consid-
ered here. Indeed, the group Br(E/K,Γ ) is a nontrivial quotient of the group BrΓ (E/K),
which must be stressed due to its unusual nature (as opposed to the nonequivariant case).
We prove the existence of the exact sequence (1) in the theorem by using certain
manageable cochain complexes C¯(G  Γ ;M), associated to Γ -groups G and (G  Γ )-
modules M , that allow us to compute the cohomology groups of semidirect product groups
G  Γ by means of “reduced cocycles.” This justifies Section 1 of the paper, where we in-
troduce these complexes and prove that they are a “reduction” of the ordinary complexes
C(G  Γ ;M), in the sense that there are quasi-isomorphisms
C¯(G  Γ ;M) → C(G  Γ ;M)
and each abelian group of “reduced” n-cochains C¯n(GΓ ;M) is smaller than the ordinary
Cn(GΓ ;M). Moreover, we believe that these complexes C¯(GΓ ;M) may be of interest
separately from their usefulness herein.
In Section 2 we briefly review some basic facts, concepts and terminology concerning
relative equivariant Brauer group theory for fields. The material in this section is the usual
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summarized by noting that the normal proofs work as usual and have consequently been
skipped here. The next section is dedicated to proving the above stated theorem and in-
cludes other facts and consequences of interest to the reader.
1. On the cohomology of a semidirect product group
To fix some notations, let us briefly recall that, for any group G and any G-module M ,
the cohomology groups Hn(G;M), [1], can be computed as the homology groups of the
cochain complex C(G;M), in which each Cn(G;M) consists of all maps ϕ :Gn → M
such that ϕ(x1, . . . , xn) = 0 whenever xi = 1 for some i = 1, . . . , n, and the coboundary
∂ :Cn−1(G;M) → Cn(G;M) is defined by
(∂ϕ)(x1, . . . , xn)
= x1ϕ(x2, . . . , xn)+
n−1∑
i=1
(−1)iϕ(x1, . . . , xixi+1, . . . , xn)+ (−1)nϕ(x1, . . . , xn−1).
If G′  G is a subgroup of G, then there is an induced epimorphism of complexes,
res :C(G;M) → C(G′;M), whose kernel is denoted by C(G,G′;M). Thus, we have a
short exact sequence of complexes
0 → C(G,G′;M) in−→ C(G;M) res−→ C(G′;M) → 0.
The homology of C(G,G′;M) is the cohomology of G with coefficients in the G-module
M relative to G′, and it is denoted by Hn(G,G′;M), n 0. Then, the long exact sequence
in cohomology deduced from the above short exact sequence of cochain complexes has the
usual form:
· · · → Hn(G,G′;M) in−→ Hn(G;M) res−→ Hn(G′;M) δ−→ Hn+1(G,G′;M) → ·· · . (2)
Suppose now that Γ is any fixed group (of operators) and let G be a Γ -group, that is,
G is a group equipped with an action of Γ by a homomorphism φ :Γ → Aut(G). As
usual, we denote σx by φ(σ)(x), for any σ ∈ Γ and x ∈ G, and we denote with G  Γ
the corresponding semidirect product group. That is to say, G  Γ is the G× Γ set with
multiplication (x, σ )(y, τ ) = (x σy,στ). We shall identify both G and Γ as subgroups of
G  Γ by means of the obvious injections x → (x,1), x ∈ G, and σ → (1, σ ), σ ∈ Γ .
The main objective of this section is to introduce a certain cochain complex
C¯(G  Γ ;M), associated to any Γ -group G and any (G  Γ )-module M , and then to
prove that this complex is a reduction of the ordinary complex C(G  Γ ;M), in the sense
that there is an inducing homology isomorphism complex homomorphism (i.e., a quasi-
isomorphism of complexes)
Φ : C¯(G  Γ ;M) → C(G  Γ ;M),
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Cn(G  Γ ;M).
Before introducing the complex C¯(G  Γ ;M), we require the following easy observa-
tion.
Lemma 1.1. Let G be a Γ -group. A (G  Γ )-module is the same as an abelian group M ,
which is both a Γ -module and a G-module such that, for each σ ∈ Γ , x ∈ G and a ∈ M ,
the following equality holds:
σ
(
xa
)= (σx)( σa). (3)
Proof. It is straightforward, since a (GΓ )-action on an abelian group M is determined,
by the induced Γ -action and G-action, by the equalities (x,σ )a = x(σa). 
Definition 1.2. Let G be a Γ -group and let M be a (G  Γ )-module. The complex of
reduced cochains of G  Γ with coefficients in M , C¯(G  Γ ;M), is defined as follows:
the nth cochain group C¯n(G  Γ ;M) is the abelian group of all maps
ϕ :
⋃
p+q=n
Gp × Γ q → M, (4)
which are normalized in the sense that ϕ(x1, . . . , xp, σ1, . . . , σq) = 0 whenever xi = 1 or
σj = 1 for some i = 1, . . . , p or j = 1, . . . , q . Addition in C¯n(G  Γ ;M) is given by
adding pointwise in the abelian group M . The coboundary
∂ : C¯n−1(G  Γ ;M) → C¯n(G  Γ ;M)
is defined by the formula (n 1):
(∂ϕ)(x1, . . . , xp, σ1, . . . , σq)
= σ1ϕ(x1, . . . , xp, σ2, . . . , σq)+
q−1∑
j=1
(−1)jϕ(x1, . . . , xp, σ1, . . . , σjσj+1, . . . , σq)
+ (−1) qϕ(σqx1, . . . , σqxp, σ1, . . . , σq−1)
+ (−1) q
[
( σ1 ···σq x1)ϕ(x2, . . . , xp, σ1, . . . , σq)
+
p−1∑
i=1
(−1) iϕ(x1, . . . , xixi+1, . . . , xp, σ1, . . . , σq)
+ (−1) pϕ(x1, . . . , xp−1, σ1, . . . , σq)
]
.
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C¯(G  Γ ;M) is functorial both in G and M .
We next state and prove our main result in this section.
Theorem 1.3. For any Γ -group G and any (G  Γ )-module M , there is a natural quasi-
isomorphism of complexes
Φ = ΦG;M : C¯(G  Γ ;M) → C(G  Γ ;M). (5)
Hence, there are natural isomorphisms
HnC¯(G  Γ ;M) ∼= Hn(G  Γ ;M), n 0. (6)
Proof. Consider the bisimplicial set S = S(G,Γ ) whose set of (p, q)-simplices is Sp,q =
Gp × Γ q , p,q  0. The horizontal face and degeneracy maps are defined by those of the
minimal Eilenberg–MacLane simplicial complex K(G,1), namely
dhi (x1, . . . , xp, σ1, . . . , σq) =


(x2, . . . , xp, σ1, . . . , σq), i = 0,
(x1, . . . , xixi+1, . . . , xp, σ1, . . . , σq), 0 < i < p,
(x1, . . . , xp−1, σ1, . . . , σq), i = p,
and the vertical face and degeneracy maps by those of the simplicial complex K(Γ,1)
unless dvq :Gp × Γ q → Gp × Γ q−1, which is defined by
dvq (x1, . . . , xp, σ1, . . . , σq) =
(
σqx1, . . . ,
σqxp, σ1, . . . , σq−1
)
.
This bisimplicial set S and the given (GΓ )-module M determine a double cosimpli-
cial abelian group C(S;M) = C∗∗(S;M), in which
Cp,q(S;M) = {ϕ :Sp,q → M}
is the abelian group of all maps ϕ :Gp × Γ q → M , the vertical cofaces djv :Cp,q−1(S;
M) → Cp,q(S;M) are defined by
(
djv ϕ
)
(x1, . . . , xp, σ1, . . . , σq) =


σ1ϕ(x1, . . . , xp, σ1, . . . , σq), j = 0,
ϕ(x1, . . . , xp, σ1, . . . , σjσj+1, . . . , σq), 0 < j < q,
ϕ( σqx1, . . . , σqxp, σ1, . . . , σq−1), j = q,
and the horizontal cofaces dih :Cp−1,q (S;M) → Cp,q(S;M) are defined by
(
dihϕ
)
(x1, . . . , xp, σ1, . . . , σq) =


( σ1 ···σq x1)ϕ(x2, . . . , xp, σ1, . . . , σq), i = 0,
ϕ(x1, . . . , xixi+1, . . . , xp, σ1, . . . , σq), 0 < i < p,
ϕ(x1, . . . , xp−1, σ1, . . . , σq), i = p.
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cochains; that is, CN(S;M) is the bicomplex having as (p, q)-cochains all the maps
ϕ :Gp × Γ q → M such that ϕ(x1, . . . , xp, σ1, . . . , σq) = 0 if xi = 1 or σj = 1 for some i
or j , as vertical coboundary
∂v =
q∑
j=0
(−1)j djv :Cp,q−1N (S;M) → Cp,qN (S;M)
and as horizontal coboundary
∂h =
p∑
i=0
(−1)idih :Cp−1,qN (S;M) → Cp,qN (S;M).
Then, from a result by Dold and Puppe [3, Theorem 2.15], there is a quasi-isomorphism
of cochain complexes
f : TotCN(S;M) → diagN C(S;M),
where TotCN(S;M) is the total complex of the bicomplex CN(S;M) and diagN C(S;M)
is the Moore complex of normalized cochains of the cosimplicial abelian group di-
agonal of the double cosimplicial abelian group C(S;M). For each n 0, the map
f :
⊕
p+q=n Cp,qN (S;M) → Cn,nN (S;M) is given by
f (ϕ) = dp+qh · · ·dp+1h dp−1v · · ·d1v d0v (ϕ)
(
ϕ ∈ Cp,qN (S;M)
)
.
A straightforward identification shows that TotCN(S;M) = C¯(G  Γ ;M). Moreover,
there is an isomorphism of complexes
g :C(G  Γ ;M) ∼= diagN C(S;M)
given, if ϕ ∈ Cn(G  Γ ;M), by
g(ϕ)(x1, . . . , xn, σ1, . . . , σn) = ϕ
((
σ1···σnx1, σ1
)
,
(
σ2···σnx2, σ2
)
, . . . ,
(
σnxn, σn
))
,
for (x1, . . . , xn, σ1, . . . , σn) ∈ Sn,n = Gn × Γ n. Thus we obtain the required quasi-
isomorphism of complexes
Φ = g−1f : C¯(G  Γ ;M) → C(G  Γ ;M). 
In order to compute the cohomology of a semidirect product group G  Γ relative
to the subgroup Γ , we shall now show a reduction of the relative cochain complex
C(GΓ,Γ ;M). First let us observe that, when G = 1, the trivial group, then G  Γ = Γ ,
C¯(Γ ;M) = C(Γ ;M) and the quasi-isomorphism (5) Φ1;M : C¯(Γ ;M) → C(Γ ;M) is
merely the identity map. Then, we define the relative to Γ complex of reduced cochains of
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of complexes
res : C¯(G  Γ ;M) → C¯(Γ ;M) = C(Γ ;M)
that carries the reduced n-cochain ϕ :
⋃
p+q=n Gp × Γ q → M to its restriction ϕ|Γ n :
Γ n → M .
From the commutative diagram of short exact sequences of cochain complexes
0 C¯(G  Γ,Γ ;M) in
Φ
C¯(G  Γ ;M) res
ΦG;M
C¯(Γ ;M)
Φ1;M
0
0 C(G  Γ,Γ ;M) in C(G  Γ ;M) res C(Γ ;M) 0
it follows that the complex homomorphism obtained by restriction of ΦG;M to kernels
Φ : C¯(G  Γ,Γ ;M) → C(G  Γ,Γ ;M) (7)
is also a quasi-isomorphism. Therefore, there are natural isomorphisms
HnC¯(G  Γ,Γ ;M) ∼= Hn(G  Γ,Γ ;M), n 0. (8)
At this point we are interested in describing explicitly, in terms of reduced cocycles of
G  Γ , the five-term exact sequence
H 1(G  Γ ;M) res H 1(Γ ;M) δ H 2(G  Γ,Γ ;M)
in
H 2(G  Γ ;M) res H 2(Γ ;M)
(9)
which is a portion of the general long exact sequence (2) in the particular case of taking
the subgroup Γ G  Γ and a (G  Γ )-module M .
For, we remark that, by using the isomorphism (6), we can describe the cohomology
group H 2(G  Γ ;M) in terms of reduced 2-cocycles, that is, as the abelian group of
cohomology classes of normalized maps
ϕ :G2 ∪G× Γ ∪ Γ 2 → M (10)
satisfying the cocycle conditions:
xϕ(y, z)− ϕ(xy, z)+ ϕ(x, yz)− ϕ(y, z) = 0, (11)
ϕ
(
σx, σy
)− σϕ(x, y)+σxϕ(y,σ )− ϕ(xy,σ )+ ϕ(x,σ ) = 0, (12)
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σϕ(τ, γ )− ϕ(στ, γ )+ ϕ(σ, τγ )− ϕ(σ, τ ) = 0, (14)
where two such reduced 2-cocycles ϕ,ϕ′ ∈ Z¯2(G  Γ ;M) are cohomologous if ϕ′ =
ϕ + ∂ψ for some normalized map
ψ :G∪ Γ → M
with
(∂ψ)(x, y) = xψ(y)−ψ(xy)+ψ(x), (15)
(∂ψ)(x,σ ) = σψ(x)−ψ( σx)+ψ(σ)− (σx)ψ(σ ), (16)
(∂ψ)(σ, τ ) = σψ(τ)−ψ(στ)+ψ(σ). (17)
Similarly, the relative cohomology group H 2(G  Γ,Γ ;M) can be described, using
the isomorphism (8), as the abelian group of cohomology classes of those reduced 2-co-
cycles ϕ ∈ Z¯2(G  Γ ;M) as above such that ϕ|Γ 2 = 0, and where two such 2-cocycles
ϕ,ϕ′ ∈ Z¯2(G  Γ,Γ ;M) define the same cohomology class in H 2(G  Γ,Γ ;M) if they
are made cohomologous as above (i.e., ϕ′ = ϕ + ∂ψ), but for some normalized map ψ as
above such that ψ |Γ = 0.
Then, the homomorphisms in sequence (9) work, respectively, as follows:
– for ϕ ∈ Z¯1(G  Γ ;M), res([ϕ]) = [ϕ|Γ ],
– for ϕ ∈ Z1(Γ ;M), δ([ϕ]) = [δϕ], where
δϕ(x, y) = 0 = δϕ(σ, τ ) and δϕ(x, σ ) = (σx)ϕ(σ )− ϕ(σ), (18)
– for ϕ ∈ Z¯2(G  Γ,Γ ;M) ⊆ Z¯2(G  Γ ;M), in([ϕ]) = [ϕ],
– for ϕ ∈ Z¯2(G  Γ ;M), res([ϕ]) = [ϕ|Γ 2].
Several explicit computations of the 2nd cohomology groups of a semidirect product
group can be done using reduced 2-cocycles (10). An elementary, although illustrative,
example in our context is given below.
Let us consider the Galois extension C/R, whose Galois group is the cyclic group of
order two G = 〈x | x2 = 1〉, where x :C → C is the complex conjugation automorphism.
Let Γ = C2 = 〈σ | σ 2 = 1〉 be a separated cyclic group of order two acting trivially both
on C and on R. Hence, the induced diagonal action of C2 on G is also trivial. In this case,
a normalized reduced 2-cochain ϕ ∈ C¯2(G×C2,C2;C×) consists of a pair of complexes
ϕ(x, x),ϕ(x,σ ) ∈ C×, since ϕ(σ,σ ) = 1. Condition (11), in order for ϕ to be a 2-cocycle,
merely says that ϕ(x, x) ∈ R×. Condition (12) says that ϕ(x,σ ) has a module equal to 1,
whereas condition (13) holds if and only if ϕ(x,σ ) = ±1. Thus,
Z¯2
(
G×C2,C2;C×
)= R× × {±1}.
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a reduced 2-cocycle ϕ ∈ Z¯2(G × C2,C2;C×), and it is plain to see that such a ϕ is a
coboundary in C¯(G × C2;C×) if and only if ϕ(x, x) > 0 and ϕ(x,σ ) = 1, we conclude
that
Ker
(
H 2
(
G×C2;C×
)→ H 2(C2;C×))∼= Z2 × Z2.
The exact sequence (1) gives Br(C/R,C2) ∼= Z2 × Z2, in contrast with the ordinary
Br(C/R) ∼= Z2.
2. Preliminaries on the equivariant Brauer group
The definition, by Fröhlich and Wall, of the equivariant Brauer group is established for
any commutative ring on which a group of operators is acting by automorphisms. We only
need this notion for a field which we recall below. First, we fix some terminology and
notations that will be used hereafter.
In this paper, algebras are always over a field and all algebras and vector spaces are
assumed to be of finite dimension. We use the term Γ -ring to mean a ring with identity
element endowed with a Γ -action by ring automorphisms.
Let K be a Γ -field. A (K,Γ )-vector space is a vector space V over K on which a
Γ -action by additive automorphisms is given, such that
σ(k · v) = σk · σv,
for all σ ∈ Γ , k ∈ K and v ∈ V . For two (K,Γ )-vector spaces V , W , the vector space
HomK(V,W) may be given the structure of a (K,Γ )-vector space by defining
σf :v → σ(f ( σ−1v)) (σ ∈ Γ, f ∈ HomK(V,W), v ∈ V ), (19)
and the tensor V ⊗K W is also a (K,Γ )-vector space with the diagonal Γ -action
σ(v ⊗w) = σv ⊗ σw (σ ∈ Γ, v ∈ V, w ∈ W). (20)
A (K,Γ )-algebra is a Γ -ring A with a Γ -equivariant ring homomorphism of K into the
center of A, so that A is both a K-algebra and a (K,Γ )-vector space. A homomorphism of
(K,Γ )-algebras is a Γ -equivariant K-algebra homomorphism, that is, a homomorphism
of K-algebras f :A → B such that f ( σa) = σf (a) holds for any σ ∈ Γ and a ∈ A.
If A and B are (K,Γ )-algebras, then the tensor product algebra A ⊗K B is again a
(K,Γ )-algebra with the diagonal Γ -action (20). Moreover, the opposite A0 of any (K,Γ )-
algebra A is again a (K,Γ )-algebra with the same Γ -action of A. Further, if V is any
(K,Γ )-vector space, the K-algebra of K-linear endomorphisms of V , EndK(V ), is actu-
ally a (K,Γ )-algebra under the diagonal Γ -action (19).
By a central simple (K,Γ )-algebra, we mean a (K,Γ )-algebra which is a central sim-
ple K-algebra. The following useful lemma is a direct application of the classic Double
Centralizer Theorem.
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central simple (K,Γ )-subalgebra. Then the centralizer of B in A, CA(B), is a central
simple (K,Γ )-subalgebra of A, and there is a Γ -equivariant K-algebra isomorphism
θ :B ⊗K CA(B) ∼= A given by θ(b ⊗ c) = bc.
For any (K,Γ )-vector space V , EndK(V ) is a central simple (K,Γ )-algebra. Let
∼Γ denote the equivalence relation between central simple (K,Γ )-algebras defined by
specifying that A ∼Γ B if and only if there is an isomorphism of (K,Γ )-algebras
A⊗K EndK(V ) ∼= B ⊗K EndK(W) for some (K,Γ )-vector spaces V and W .
Definition 2.2 [6, Section 3]. The equivariant Brauer group of a Γ -field K , denoted
Br(K,Γ ), is the abelian multiplicative group consisting of all ∼Γ -classes [A] of central
simple (K,Γ )-algebras A. Multiplication is induced by tensor product, that is, [A][B] =
[A⊗K B]. The class [K] is the identity element, and the inverse is given by [A]−1 = [A0].
By [6, Proposition 3.1], we have the following result.
Proposition 2.3. If A and B are central simple (K,Γ )-algebras, then A ∼Γ B if and only
if there is a (K,Γ )-isomorphism A⊗K B0 ∼= EndK(V ) for some (K,Γ )-vector space V .
Later we will need the following lemma, whose proof is, using Lemma 2.1, parallel to
the usual one for the ordinary nonequivariant case.
Lemma 2.4. Let A be a central simple (K,Γ )-algebra. If e is any Γ -invariant nonzero
idempotent of A, then eAe is also a central simple (K,Γ )-algebra and A ∼Γ eAe, that is,
[A] = [eAe] in Br(K,Γ ).
The construction of the equivariant Brauer group is functorial. If E is a Γ -field exten-
sion of the Γ -field K , then E is a (K,Γ )-algebra and, for any central simple (K,Γ )-
algebra A, the tensor algebra E ⊗K A, endowed with the diagonal Γ -action (20), is a
central simple (E,Γ )-algebra. Then, the induced Br(K,Γ ) → Br(E,Γ ) is the homo-
morphism sending [A] to [E ⊗K A]. We say that the Γ -field E splits a central simple
(K,Γ )-algebra A whenever [A] lies in the kernel of Br(K,Γ ) → Br(E,Γ ), that is, if
there is an isomorphism of (E,Γ )-algebras E ⊗K A ∼= EndE(V ) for some (E,Γ )-vector
space V .
The kernel of Br(K,Γ ) → Br(E,Γ ), denoted by Br(E/K,Γ ), is the relative equivari-
ant Brauer group of the Γ -field extension E/K .
Analogously to the nonequivariant case, we have the following criterion for a Γ -field
extension to be a splitting Γ -field.
Proposition 2.5. Let ω ∈ Br(K,Γ ) and let E/K be a finite Γ -field extension. Then ω ∈
Br(E/K,Γ ) if, and only if, for some central simple (K,Γ )-algebra A ∈ ω there exists a
Γ -equivariant maximal commutative K-algebra embedding E ↪→ A.
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Let E/K be a Galois finite field extension with Galois group G = AutK(E). If, in
addition, E/K is an extension of Γ -fields, that is, both E and K are Γ -fields and the
inclusion map K ↪→ E is Γ -equivariant, then we say that E/K is a Galois extension of
Γ -fields. Note that, in such a case, for any f ∈ G and σ ∈ Γ , the map σf :E → E given
by σf (x) = σ(f ( σ−1x)) defines a K-automorphism of E, that is, σf is again an element
of G. Therefore, the Galois group G is a Γ -group by the diagonal Γ -action (σ,f ) → σf .
We refer to G as the Galois Γ -group of the Galois extension of Γ -fields E/K .
From now on, we fix a finite Galois extension of Γ -fields E/K , with Galois Γ -group G.
The multiplicative group E× is then both a Γ -module and a G-module with the natural
actions of Γ and G on it. Moreover, the equalities σ(f (x)) = ( σf )( σx), σ ∈ Γ , f ∈ G,
x ∈ E×, show that E× is actually a (G  Γ )-module (see Lemma 1.1) and therefore the
cohomology groups Hn(G  Γ ;E×) and Hn(G  Γ,Γ ;E×) are defined. Furthermore,
the exact sequence (9) particularizes to the following one:
· · · → H 1(Γ ;E×) δ−→ H 2(G  Γ,Γ ;E×) in−→ H 2(G  Γ ;E×) res−→ H 2(Γ ;E×). (21)
Every ω ∈ Br(E/K,Γ ) has associated a cohomology class
ξ(ω) ∈ H 2(G  Γ ;E×), (22)
related as “the characteristic class of ω,” that is defined as follows. By Proposition 2.5,
there exists a central simple (K,Γ )-algebra A in the ∼Γ -class ω such that E is a (K,Γ )-
subalgebra of A and CA(E) = E. The Skolem–Noether theorem implies the existence of
units vf ∈ A, f ∈ G (v1 = 1), such that
f (a) · vf = vf · a, ∀a ∈ E. (23)
Each element vf is obviously determined up to a factor that commutes with all elements
of E and, since CA(E) = E, this means up to a factor of E×. Then, for f,g ∈ G, σ ∈ Γ
and a ∈ E, the equalities
vf · vg · a = vf · g(a) · vg = f
(
g(a)
) · vf · vg,
σvf · a = σ
(
vf · σ−1a
)= σ(f ( σ−1a) · vf )= ( σf )(a) · σvf
imply the existence of (unique) elements ξA(f,g), ξA(f,σ ) ∈ E× such that
vf · vg = ξA(f,g) · vfg, (24)
σvf = ξA(f,σ ) · vσf (25)
for all f,g ∈ G and σ ∈ Γ .
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ξA :G
2 ∪G× Γ ∪ Γ 2 → E×, (26)
where ξA|Γ 2 = 0, which is actually a 2-cocycle, that is,
ξA ∈ Z¯2
(
G  Γ,Γ ;E×)⊆ Z¯2(G  Γ ;E×).
In fact, it is well known that cocycle condition (11) is a consequence of the associative law
vf · (vg · vh) = (vf · vg) · vh in A. The cocycle condition (12) follows from the equality
σ(vf · vg) = σvf · σvg since, on one hand,
σ(vf · vg) = σ
(
ξA(f,g) · vfg
)= σξA(f,g) · ξA(fg,σ ) · vσf σg
while, on the other hand,
σvf · σvg = ξA(f,σ ) · vσf · ξA(g,σ ) · vσg
= ξA(f,σ ) ·
(
σf
)(
ξA(g,σ )
) · ξA( σf, σg) · vσf σg.
Therefore, by comparison, (12) follows. Similarly, cocycle condition (13) follows from the
equality σ( τvf ) = στvf , and the last cocycle condition (14) is obviously satisfied.
The characteristic class of ω = [A] ∈ Br(E/K,Γ ) is then defined as
ξ(ω) = [ξA] ∈ H 2
(
G  Γ ;E×), (27)
and our major result in this paper is stated in the theorem below.
Theorem 3.1. For any finite-dimensional Galois extension of Γ -fields E/K , with Ga-
lois Γ -group G, the correspondence ω → ξ(ω) establishes a well-defined homomorphism
from the relative equivariant Brauer group Br(E/K,Γ ) into the cohomology group
H 2(G  Γ ;E×), and the sequence
0 → Br(E/K,Γ ) ξ−→ H 2(G  Γ ;E×) res−→ H 2(Γ ;E×) (28)
is exact.
Proof. The proof of this theorem consists in proving that the above sequence (28) occurs
in a commutative diagram
H 1
(
Γ ;E×) δ H 2(G  Γ ;Γ ;E×)
∆
in
H 2
(
G  Γ ;E×) res H 2(Γ ;E×)
Br(E/K,Γ )
ξ (29)
68 A.M. Cegarra, A.R. Garzón / Journal of Algebra 296 (2006) 56–74where the sequence
H 1
(
Γ ;E×) δ H 2(G  Γ,Γ ;E×) ∆ Br(E/K,) 0 (30)
is exact. Therefore, the exactness of (21) implies that ξ is well defined and that (28) is
exact. The proof of the exactness of (30) can be naturally divided into two parts:
Part I: The epimorphism ∆
Let ϕ ∈ Z¯2(G  Γ,Γ ;E×). We shall construct a (K,Γ )-algebra, denoted as ∆(ϕ),
which we will call the equivariant crossed product of the Γ -group G and the Γ -field E
relative to ϕ. Indeed, ∆(ϕ) is the ordinary crossed product algebra of the group G and
the field E relative to the ordinary 2-cocycle ϕ|G2 :G2 → E×; that is, the elements of the
algebra ∆(ϕ) are the formal linear combinations
∑
f∈G af · uf , where af are elements of
the field E and the uf certain symbols indexed by G, with multiplication
(a · uf ) · (b · ug) = a · f (b) · ϕ(f,g) · ufg. (31)
Thus, ∆(ϕ) is a central simple K-algebra that contains E, via the immersion a → a · u1,
as a maximal commutative subalgebra. Moreover, Γ acts on ∆(ϕ) by the formula
σ(a · uf ) = σa · ϕ(f,σ ) · uσf , (32)
and ∆(ϕ) is actually a (K,Γ )-algebra since:
σ
(
(a · uf ) · (b · ug)
) = σ(a · f (b) · ϕ(f,g) · ufg)
= σa · σ(f (b)) · σ(ϕ(f,g)) · ϕ(fg,σ ) · uσ(fg)
(12)= σa · (σf )( σb) · ϕ(f,σ ) · ( σf )(ϕ(g,σ )) · ϕ( σf, σg) · uσf σg
= ( σa · ϕ(f,σ ) · uσf ) · ( σb · ϕ(g,σ ) · uσg)
= σ(auf ) · σ(bug),
and
στ(a · uf ) = στa · ϕ(f,στ)uστf (13)= σ
(
τa
) · σ(ϕ(f, τ )) · ϕ( τf, σ ) · uσ( τf ) = σ( τ(a · uf )).
The equalities σ(a · u1) = σa · u1, a ∈ E, σ ∈ Γ , ensure that E is embedded in ∆(ϕ) as a
(K,Γ )-subalgebra and, therefore, Proposition 2.5 implies that [∆(ϕ)] ∈ Br(E/K,Γ ).
Lemma 3.2.
(i) If ϕ,ϕ′ ∈ Z¯2(G  Γ,Γ ;E×) are two reduced relative to Γ 2-cocycles representing
the same cohomology class in H 2(G  Γ,Γ ;E×), then the associated equivariant
crossed product (K,Γ )-algebras ∆(ϕ) and ∆(ϕ′) are isomorphic.
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tative maximal, is equivariantly isomorphic to an equivariant crossed product ∆(ϕ)
for some ϕ ∈ Z¯2(G  Γ,Γ ;E×).
Proof. (i) Let ϕ,ϕ′ ∈ Z¯2(GΓ,Γ ;E×). If ϕ and ϕ′ represent the same cohomology class
in H 2(G  Γ,Γ ;E×), then they are made cohomologous by means of a normalized map
ψ :G∪Γ → E× such that ξA|Γ = 0, that is, ϕ(f,g) = ϕ′(f, g) ·f (ψ(g)) ·ψ(fg)−1 ·ψ(f )
and ϕ(f,σ ) = ϕ′(f,σ ) · σψ(f ) ·ψ(σf )−1, for all f,g ∈ G and σ ∈ Γ . Therefore, the as-
sociated equivariant crossed product (K,Γ )-algebras ∆(ϕ) and ∆(ϕ′) are made equivari-
antly isomorphic by the map Ψ :a · uf → a · ψ(f ) · uf . Indeed, it is known that Ψ
establishes a K-algebra isomorphism, since ψ makes the ordinary 2-cocycles ϕ|G2 and
ϕ′|G2 cohomologous. Furthermore, Ψ is Γ -equivariant since
Ψ
(
σ(auf )
) = Ψ ( σa · ϕ(f,σ ) · uσf )= σa · ϕ(f,σ ) ·ψ( σf ) · uσf
(16)= σa · σψ(f ) · ϕ′(f,σ ) · uσf = σΨ (a · uf ).
(ii) Let A be any central simple (K,Γ )-algebra such that E is a (K,Γ )-subalgebra of
A satisfying that CA(E) = E. Then, let
ξA ∈ Z¯2
(
G  Γ,Γ ;E×)⊆ Z¯2(G  Γ ;E×)
its characteristic 2-cocycle (26). Comparison of (23)–(25) with (31) and (32) gives that the
mapping Φ :
∑
f af ·uf →
∑
f af ·vf defines a (K,Γ )-algebra homomorphism from the
equivariant crossed product algebra ∆(ξA) to A. Since ∆(ξA) is simple, Φ is a monomor-
phism. Moreover, since Φ is E-linear and [A : E] = [E : K] = |G|, it follows that Φ is
actually an isomorphism. 
It follows from the above Lemma 3.2 that the equivariant crossed product construction
induces a well-defined surjective map
∆ :H 2
(
G  Γ,Γ ;E×)→ Br(E/K,Γ ), [ϕ] → [∆(ϕ)], (33)
and a parallel proof to the usual one for the nonequivariant case proves that ∆ is actually
a homomorphism of groups: Given ϕ,ϕ′ ∈ Z¯2(G  Γ,Γ ;E×), then there is a (K,Γ )-
algebra isomorphism Φ :∆(ϕϕ′) ∼= e · (∆(ϕ) ⊗K ∆(ϕ′)) · e, where e ∈ E ⊗K E is the
separability idempotent of E, given by
Φ :
∑
f∈G
af · uf →
∑
f∈G
e · (af · uf ⊗ uf ) · e.
Then, by Lemma 2.4, ∆[ϕϕ′] = [∆(ϕϕ′)] = [∆(ϕ)⊗K ∆(ϕ′)] = ∆(ϕ]∆(ϕ′].
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We first prove that Im(δ) ⊆ Ker(∆):
Let [ϕ] ∈ H 1(Γ ;E×), where ϕ :Γ → E× is a derivation. Then ∆δ[ϕ] = [∆(δϕ)],
where δϕ is the reduced 2-cocycle defined by (18). Observe that δϕ(f,σ ) = ϕ(σ) ·
σ(f (ϕ(σ−1))), since ϕ(σ−1) = ( σ−1ϕ(σ))−1.
Write V for a 1-dimensional vector space over E with basis {v}. This can be given the
structure of a (E,Γ )-vector space by the Γ -action
σ(a · v) = ϕ(σ) · σa · v,
for σ ∈ Γ and a ∈ E, since
σ
(
τ(a · v))= σ(ϕ(τ) · τa · v)= ϕ(σ) · σϕ(τ) · στa · v = ϕ(στ) · στa · v = στ(a · v).
Of course, V is also a (K,Γ )-vector space. Let Φ be the K-linear map
Φ :∆(δϕ) → EndK(V ), such that Φ(a · uf )(b · v) = a · f (b) · v. (34)
Φ is a K-algebra map since
Φ
(
(a · uf )(b · ug)
)
(c · v) = Φ(a · f (b) · ufg)(c · v) = a · f (b) · fg(c) · v
= Φ(a · uf )
(
b · g(c) · v)= Φ(a · uf )Φ(b · ug)(c · v),
and, moreover, Φ is a Γ -equivariant map since
Φ
(
σ(a · uf )
)
(b · v) = Φ( σa · δϕ(f,σ ) · uσf )(b · v) = σa · δϕ(f,σ ) · ( σf )(b) · v
= σa · ϕ(σ) · σ(f (ϕ(σ−1))) · σ(f ( σ−1b)) · v
= ϕ(σ) · σ[a · f (ϕ(σ−1) · σ−1b)] · v
= σ[a · f (ϕ(σ−1) · σ−1b) · v]= σ[Φ(a · uf )(φ(σ−1) · σ−1b · v)]
= σ[Φ(a · uf ) · ( σ−1(b · v))]= σ(Φ(a · uf ))(b · v).
Therefore Φ :∆(δϕ) → EndK(V ) is a (K,Γ )-algebra homomorphism. Since ∆(δϕ) is
simple and [∆(δϕ) : K] = [E : K]2 = [V : K]2 = [EndK(V ) : K], we conclude that Φ is
actually a (K,Γ )-algebra isomorphism. Then, [∆(δϕ)] = [EndK(V )] is the identity ele-
ment of the equivariant Brauer group Br(E/K,Γ ) and therefore Im(δ) ⊆ Ker(∆).
Next we prove that Ker(∆) ⊆ Im(δ):
Let [ϕ] ∈ Ker(δ), where ϕ ∈ Z¯2(G  Γ,Γ ;E×) is a relative to Γ reduced 2-cocycle.
Then, by Proposition 2.3, there exists a Γ -equivariant K-algebra isomorphism θ :∆(ϕ) ∼=
EndK(V ) for some (K,Γ )-vector space V . We turn V into an E-vector space via θ , that
is, by defining a · v = θ(a · u1)(v) for a ∈ E and v ∈ V . Since
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= ( σ(θ(a · u1)))( σv)= θ( σa · u1)( σv)
= σa · σv,
we see that V is actually an (E,Γ )-vector space.
Observe now that [V : E] = 1 because [∆(ϕ) : K] = [E : K]2 while [EndK(V ) : K] =
[V : K]2 = [V : E]2[E : K]2. Fix v ∈ V any nonzero vector. Then, for any σ ∈ Γ , we can
write σv = φ(σ) · v for some (unique) φ(σ) ∈ E×. Since στv = φ(στ) · v while σ( τv) =
σ(φ(τ) ·v) = σφ(τ) · σv = σφ(τ) ·φ(σ) ·v, we have φ(στ) = σφ(τ) ·φ(σ) for all σ, τ ∈ Γ .
Therefore, φ :Γ → E× is a derivation.
By composing θ with the inverse of the (K,Γ )-algebra isomorphism (34), Φ :∆(δφ) ∼=
EndK(V ), we get a (K,Γ )-algebra isomorphism Ψ :∆(ϕ) ∼= ∆(δφ), that is also an
E-linear map. For every f ∈ G, in both algebras ∆(δφ) and ∆(ϕ) the vector uf gener-
ates the vector subspace over E consisting of all x such that x · a = f (a) · x for all a ∈ E.
Therefore, we can write Ψ (uf ) = ψ(f ) ·uf for some (unique) ψ(f ) ∈ E×. Thus, we have
a normalized map ψ :G∪ Γ → E×, such that ψ |Γ = 0 and Ψ (a · uf ) = a ·ψ(f ) · uf for
any a ∈ E and f ∈ G.
Now, since Ψ is a homomorphism of algebras and
Ψ (uf · ug) = Ψ
(
ϕ(f,g) · ufg
)= ϕ(f,g) ·ψ(fg) · ufg,
whereas
Ψ (uf ) ·Ψ (ug) = ψ(f ) · uf ·ψ(g) · ug = ψ(f ) · f
(
ψ(g)
) · ufg,
we have
ϕ(f,g) = ψ(f ) · f (ψ(g)) ·ψ(fg)−1 = (∂ψ)(f, g) = (δφ · ∂ψ)(f,g),
for all f,g ∈ G.
Furthermore, since Ψ is Γ -equivariant and
Ψ
(
σuf
)= Ψ (ϕ(f,σ ) · uσf )= ϕ(f,σ ) ·ψ( σf ) · uσf ,
while
σΨ (uf ) = σ
(
ψ(f ) · uf
)= σ(ψ(f )) · δφ(f,σ ) · uσf ,
we have
ϕ(f,σ ) = δφ(f,σ ) · σ
(
ψ(f )
) ·ψ( σf )−1 = (δφ · ∂ψ)(f,σ ),
for all f ∈ G and σ ∈ Γ . Therefore, [ϕ] = [δφ · ∂ψ] = [δφ] = δ[φ] and therefore Ker(∆) ⊆
Im(δ).
The proof of Theorem 3.1 is now finished. 
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the commutativity of (29), the kernel of ∆ is the same as the kernel of the homomorphism
H 2(GΓ,Γ ;E×) → H 2(GΓ ;E×). Then we can take into account exact sequence (9),
and, in particular, the exact sequence
H 1
(
G  Γ ;E×)→ H 1(Γ ;E×)→ H 2(G  Γ,Γ ;E×)→ H 2(G  Γ ;E×).
Moreover, from the Hochschild–Serre spectral sequence [7, Theorem 2], associated to the
group extension 1 → G → G  Γ → Γ → 1 and the (G  Γ )-module E×, we have the
exact sequence
0 → H 1(Γ ;K×)→ H 1(G  Γ ;E×)→ H 1(G;E×),
and using that H 1(G;E×) = 0, that is, Hilbert’s Theorem 90, we deduce that
H 1(Γ ;K×) ∼= H 1(G  Γ ;E×). Therefore, exact sequence (30) implies the exactness of
the sequence
H 1
(
Γ ;K×)→ H 1(Γ ;E×)→ H 2(G  Γ,Γ ;E×) ∆−→ Br(E/K,Γ ) → 0,
whence it follows that
Proposition 3.3. Let E/K be a finite Galois extension of Γ -fields with Galois Γ -group G.
Then the kernel of the epimorphism
H 2
(
G  Γ,Γ ;E×) ∆−→ Br(E/K,Γ ) → 0
is isomorphic to the cokernel of the canonical homomorphism
H 1
(
Γ ;K×)→ H 1(Γ ;E×).
This fact implicitly states that if the map H 1(Γ ;K×) → H 1(Γ ;E×) is not surjective,
then there are central simple (K,Γ )-algebras split by the Γ -field E which have the same
dimension and define the same element in Br(K,Γ ), but they are not Γ -isomorphic. We
stress this observation because it is unusual. Indeed, it is easy to show examples where
that fact holds. Suppose that Γ acts trivially both on K and E; then, EndK(E), with the
trivial Γ -action, is a central simple (K,Γ )-algebra that represents the trivial element in
Br(E/K,Γ ). Suppose also that the homomorphism Hom(Γ ;K×) → Hom(Γ ;E×) is not
surjective, so that there is a homomorphism, say φ :Γ → E×, such that φ(σ) /∈ K for
some σ ∈ Γ . Then, E can be given the structure of (K,Γ )-vector space by the Γ -action
σe = φ(σ) · e, σ ∈ Γ , e ∈ E. Denote this (K,Γ )-space by φE. Then EndK(φE) is a
central simple (K,Γ )-algebra also representing the trivial element in Br(E/K,Γ ). Note
that EndK(φE) is actually the same K-algebra as EndK(E) but with Γ -action σf =
φ(σ)f φ(σ)−1 , where e is left multiplication by e, that is, ( σf )(e) = φ(σ)f (φ(σ−1)e).
Now, since φ(σ) /∈ K and K is the center of EndK(E), then σf = f for some f ∈
EndK(φE) and therefore EndK(E) and EndK(φE) are not Γ -isomorphic, although they
are the same K-algebra and both represent the same element in Br(K,Γ ).
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is due to the referee:
Proposition 3.4. Let E/K be a finite Galois extension of Γ -fields with Galois Γ -group G.
Then the kernel of the “forgetting Γ ” homomorphism
Br(E/K,Γ ) → Br(E/K)
is isomorphic to the kernel of the canonical homomorphism
H 2
(
Γ ;K×)→ H 2(Γ ;E×).
Proof. By using that H 1(G;E×) = 0, the Hochschild–Serre spectral sequence associated
to the semidirect product extension gives the exact sequence [7, Theorem 2]
0 → H 2(Γ ;K×)→ H 2(G  Γ ;E×)→ H 2(G;E×).
Let Ker denote the kernel of the homomorphism Br(E/K,Γ ) → Br(E/K). Then, there
is a unique, induced by ξ , homomorphism Ker H 2(Γ ;K×) making the following
diagram commutative:
0 0
Ker H 2
(
Γ ;K×) H 2(Γ ;E×)
0 Br(E/K,Γ )
ξ
H 2
(
G  Γ ;E×) H 2(Γ ;E×)
Br(E/K) ∼ H 2
(
G;E×)
from which the exactness of the sequence below follows:
0 → Ker H 2(Γ ;K×) H 2(Γ ;E×). 
Acknowledgment
The authors are very indebted to the referee for substantial improvements to the paper.
74 A.M. Cegarra, A.R. Garzón / Journal of Algebra 296 (2006) 56–74References
[1] K.S. Brown, Cohomology of Groups, Grad. Texts in Math., vol. 87, Springer-Verlag, New York, 1994.
[2] A.M. Cegarra, A.R. Garzón, Equivariant group cohomology and Brauer group, Bull. Belg. Math. Soc. 10
(2003) 451–459.
[3] A. Dold, D. Puppe, Homologie nicht-additiver Funktoren, Anwendungen, Ann. Inst. Fourier (Grenoble) 11
(1961) 201–312.
[4] A. Fröhlich, C.T.C. Wall, Generalizations of the Brauer group I, preprint.
[5] A. Fröhlich, C.T.C. Wall, Graded monoidal categories, Compos. Math. 28 (1974) 229–285.
[6] A. Fröhlich, C.T.C. Wall, Equivariant Brauer groups, in: Contemp. Math., vol. 272, 2000, pp. 57–71.
[7] G. Hochschild, J.-P. Serre, Cohomology of group extensions, Trans. Amer. Math. Soc. 74 (1953) 110–134.
[8] R.S. Pierce, Associative Algebras, Grad. Texts in Math., vol. 88, Springer-Verlag, New York, 1982.
